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Two sets in R” are said to be n-separated if, for every n distinct points p1 ,..., pn 
of one set, there is a point of the other in the relative interior of the convex cover 
of {PI ,..., pn}. We obtain some results concerning the dimension of the flat 
spanned by the union of n-separated sets and pose several further questions. 
In his study of metric inequalities, Kelly [l] made use of the following 
result. 
Let P = {sl ,...> 4, Q = {tl ,..., tkfl) be finite subsets of Euclidean n-space. 
Suppose that every open segment joining two points of P contains a point 
of Q, and conversely. Then the sets P and Q lie on a line and separate each 
other. 
Several related questions suggest themselves, and in this paper we consider 
a number of problems which seem of independent combinatorial interest. 
To do so we need the following notation. The convex cover of the points 
p1 ,..., pn is denoted by conv{p, ,..., pn} and the relative: interior of 
conv{p, ,. .., pn) by ric{p, ,.. ., p,}. In addition, two sets in Rm are said to be 
n-separated (n 3 2) if, for every n distinct points p1 ,..., pn of one set, there 
is a point of the other in ric{p, ,. .., pn}. We show that if two finite sets in 
R” are n-separated they necessarily lie in a (2~ - 3)-flat; if, in addition, one 
of the sets has at least (n + 1) points, they lie in a (2n - 4)-flat. Whether 
or not these results can be further improved by insisting that one of the sets 
has a sufficiently large number of points is, in general, an open question, 
but we give a complete answer for the case n = 3. 
LEMMA. Let A and B be n-separated finite sets in R”, then A is contained 
in un (n - 1)&t. 
Proof. Suppose the points of A are not contained in an. (n - I)-flat. 
From the nonempty set of n-simplices determined by points of A choose one, 
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conv{a, , a, ,..., a,} say, which does not strictly contain any other. For eachj 
(j = l,..., n) let bj denote a point of B in ric(a, ,..., ajMl , aj+l ,..., a,} and let 
a,’ denote a point of A in ric{b, ,..., b,}. Clearly conv(a,,‘, a, ,..., an} C 
conv(a, ,..., a,}, and we have a contradiction. 
THEOREM I. Let A and 3 be n-separated finite sets in R”, then the points 
of A u B are contained in a (2n - 3)-flat. 
Proof. Now at least one of the sets, say A, has at least n points, for other- 
wise the result is trivial. By the lemma, A and B, respectively, span flats F 
and G of dimension at most n - 1. Since A contains at least n points there 
is a point b E F n B. Now dim G = n - 1, for otherwise the result follows. 
Thus B contains IZ points, whence there is a point a E A A G\(b) so that the 
line ab is contained in F n G, and the theorem follows. 
The result of the theorem is best possible, for let e, denote the point with 
the ith coordinate 1 and the others zero. Let A = {e, , e2 ,..., e,-, , 
--el - e2 - .‘. - e,-,} and B = (0, d, , d,,, ,..., d2n--2)1 where d, = 2enel + 
e, - e,+r , r = n ,..., 2n - 3 and rl,,-, = 2enPl + eznV2 - e, . Then clearly 
0 E ric A, e,-, = $0 + [l/2@ - l)](dn + d,,, + a.. + d*,J, and A u B 
is not in any (2n - 4)-flat. 
When n = 2 we effectively have the Kelly lemma. 
THEOREM 2. Let A and B be 3-separatedjinite sets in Rm, one of which 
contains at least jive points. Then A u B lies in a I-flat. 
Proof. Let A contain at least five points and suppose that the result is 
false. We first prove that the points of A do not lie on a l-flat. Suppose not, 
and a, ,..., a5 are points of A in order on a l-flat. Choose points b, and b, 
of B, respectively, in ric{a, , a, , as] and ric{a, , a4 , as). Since A u B is not 
contained in a l-flat there is a point b, of B not on the line ala2 . Thus there 
is a point of A in ric{b, , b, , b3}, and so not on the line ala2 , which is a 
contradiction. 
We now show that no three points of A are collinear. For suppose a, , a2 , a3 
are points of A in order on a l-flat, and from the nonempty set of 2-simplices 
determined by a,, a3 and another point of A choose one, conv {a, , a3, a,& 
say, which does not strictly contain any other such simplex. Now 
rich , a2, 4, rich, , a3 , a,), and ric(a, , a2 , u3) are disjoint and so, respec- 
tively, contain distinct points b, , 2 , b b, , say, of B. If a, is a point of A in 
ric(b, , b, , b3}, then clearly conv{a, , a, , a,} is a 2-simplex strictly contained 
in conv{a, , a3, a,}, which is a contradiction. 
From {conv{a, ,..., a5> / ai E A, i = I,..., 5, and ai f aj for i # j) choose 
a member T,, = conv{a, ,..., a5} say, which does not strictly contain any other. 
By the lemma A is contained in a 2-flat so, because no three points of A 
are collinear, three cases now arise, represented by Figs. 1, 2, and 3. 
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Case 1. Clearly, ric(a, , a, , q.), ric(a, , a3 , a&}, ric{a, , a4, a,) are pair- 
wise disjoint and so contain distinct points, b, , b, , b, say, of B. If a, is a 
point of A in ric{b, , b, , b3} then it follows easily that conv(a, , a, ,.,., ~$1 is 
strictly contained in T,, , which is a contradiction. 
Case 2. Since rich , a2 , 4, ri4a2 , a3 , as>, rich , a4 , 4, and 
ric(a, , a, , as} are pairwise disjoint, they contain distinct points, b, , b, , b, , b4 
say, of B. It is easy to see that conv(b, ,..., b4) contains a point, a, say, of 
A other than a5 , whence a, is in ric(a, ,..,, a3. Thhs conv(a, , a2 , a3 , a5 , a,) . 
is strictly contained in T,, , giving us a contradidtlon. 
Case 3. Let b, ,..., b, be distinct points of B in the pairwise disjoint 
sets ric(a, , a3 , u4>, ric(a, , a, , a&, ric(a, , a, , as}, ric(a, , a, , a2), and 
ric{a, , a3 , u5j, respectively. Now b4 is in the open half-plane P determined 
by the line a4a5 and the point a, , for otherwise there is a point a6 of A in 
ric(b, , b, , b4}, whence convja, , a3 , a, , a5 , a,} is strictly contained in TO . 
Similarly, b, is in P and, a fortiori, ric{b, , b, , bj} lies in P. If a,, is a point of A 
in ric{b, , b, , b5), clearly conv(a, , a, , a3 , a,, aJ is strictly contained in T, 
and we have a contradiction. 
This establishes Theorem 2. 
Figure 4 shows that when there are at most four points in each set, the 
conclusion of Theorem 2 is not valid. 
FIGURE 4 
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Theorem 2 prompts us to ask whether, for each IZ > 3, there exists an 
integer L(n) for which the following result holds. 
Let A and B be n-separated finite sets in R”, where y1 > 3. If one of the sets 
contains at least L(n) points then A u B lies in a l-flat. 
Remark. By a suitable projection it is easy to see that the existence of two 
n-separated finite sets in R” not on a I-flat implies the existence of such sets 
in R2. 
More generally, for each n > 3 and each r with 1 < r < 2n - 4, does 
there exist an integer L(n, r) for which the following result holds ? 
Let A and B be n-separated finite sets in R”. If one of the sets contains at 
least L(n, r) points then A u B lies in an r-flat. 
If such integers exist, interest would naturally focus on their least values, 
which we denote by L*(n) and L*(n, r). Theorem 2 and the example following 
it show that L*(3) = 5, and the case n = 3 is concluded by Theorem 3 
below. 
THEOREM 3. FornZ3,L*(n,2n-4)=ntl. 
Proof. Let A and B be n-separated finite sets with j A / 3 n + 1 and 
assume that A u B is not in a (2n - 4)-flat. We first prove that the points 
of A are not in an (n - 2)-Aat. Suppose they are in an (~1 - 2)-Aat F, then 
there is a point b, of B in F. Since A u B is not contained in a (2n - 4)-flat, 
there are points b, ,..., b, of B such that F n ric(b, ,..., b,} is empty. IIence 
there i.s a point of A not in F. 
Thus by the lemma A is properly in an (IZ - I)-flat F and, because A has 
at least n + 1 points, there exist points b, and b, of B in F. By the assumption 
there are points b, ,..., b, of B not in F, and so a point a of A in ric{b, ,..., b,). 
Thus a is not in F and we have a contradiction. 
The example following Theorem 1 now completes the proof of the theorem. 
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